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The presence of a significant amount of gravitational radiation in the early Universe affects the
total energy density and hence the expansion rate in the early epoch. In this work, we develop a
physical model to connect the parameter of relativistic degree of freedom Neff with the amplitude
and shape of primordial tensor power spectrum, and use the CMB temperature and polarization
data from Planck and BICEP2/KECK Array, and the primordial deuterium measurement from
damped Lyman-α (DLA) systems to constrain this model. We find that with this extra relation
∆Neff(r, nt), the tensor-to-scalar ratio r is constrained to be r < 0.07 (3σ C.L.) and the tilt of tensor
power spectrum is nt = −0.01 ± 0.31 (1σ C.L.) for Planck+BICEP2+KECK+[D/H] data. This
achieves a much tighter constraint on the tensor spectrum and provides a stringent test for cosmic
inflation models. In addition, the current constraint on Neff = 3.122± 0.171 excludes the possibility
of fourth neutrino species at more than 5σ C.L.
I. INTRODUCTION
The detection of large angular scale B-mode polariza-
tion of the Cosmic Microwave Background (CMB) is one
of the next challenges in modern observational cosmology.
The B-mode polarization signal arises only from tensor
perturbations in the early Universe and is a direct sig-
nature of inflationary gravitational waves (GWs). The
tensor perturbation power spectrum can be parametrized
as
Pt(k) = At(k0)
(
k
k0
)nt+(αt/2) ln(k/k0)
= rAs(k0)
(
k
k0
)nt+(αt/2) ln(k/k0)
(1)
where As(k0) is the primordial scalar fluctuation ampli-
tude, r(k0) = At(k0)/As(k0) is the tensor-to-scalar ratio
at a pivot scale k0, nt is the spectral index of tensor
power spectrum and αt is the running of spectral index.
For the single-field slow-roll inflation model the generic
consistency relation r = −8nt is satisfied. A power spec-
trum with a small negative tilt (red-tilt, nt < 0) is thus a
characteristic prediction for single-field slow-roll inflation
models [1]. Testing this prediction by using the data from
CMB and Big-Bang nucleosynthesis (BBN) is an essential
task to pin down the uncertainty of inflationary models.
The consistency relation is however not satisfied for
multi-field inflation and models which deviate from slow-
roll. Alternative cosmological models, for example, string
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gas cosmology [2], super-inflation models [3] and many
others not yet ruled out by observations, predict a blue tilt
(nt > 0) of the GW spectrum, i.e. more power at small
scales. Therefore, observational constraints on the tilt of
the tensor spectrum would be worth investigating since it
has the distinguishing power in model space [2, 4–7]. It is
thus appropriate to have a phenomenological approach by
relaxing the consistency relation. Even though a direct
detection of the inflationary GWs background is yet to
be achieved, the current CMB measurement from Planck,
Background Imaging of Cosmic Extragalactic Polariza-
tion (BICEP2) and KECK array data are already able
to constrain it to a certain level [8–12]. Apart from the
CMB, other observational techniques also provide con-
straints on the stochastic GWs at different frequencies,
through BBN [13, 14], pulsar timing [15–18], and more
directly through the Laser Interferometer Gravitational-
Wave Observatory (LIGO) and Virgo interferometer GW
detectors [19].
A blue-tilted tensor power spectrum would lead to
additional small-scale relativistic degrees of freedom [4,
7, 17, 20], changing the energy density of the universe,
which in turn would affect the expansion rate during
that era. Relativistic neutrinos also contribute to the
energy density of the universe, and the modification of
the neutrino energy density can be parametrized by the
effective number Neff of neutrino species. The effect of
the tensor blue tilt is thus degenerate with Neff . The
Standard Model of particle physics predicts a Nν = 3.046,
so any extra value of the Neff other than Nν can be
attributed either to an additional species of neutrino, or
gravitational wave background. This radiation density
has major ramifications on various early universe physical
processes, leaving detectable imprints on the CMB at the
epoch of last scattering. Fig. 1 shows the effect of the
parameter Neff on the CMB temperature anisotropies.
The major physical effects are as follows
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2FIG. 1: The effect of Neff (number of relativistic species) on
the CMB temperature power spectrum, while fixing all other
cosmological parameters as Ωbh
2 = 0.0224, Ωch
2 = 0.1201,
Ωνh
2 = 0.6451 × 10−3, Ωk = 0, H0 = 67.32 km s−1 Mpc−1,
and As = 2.1× 10−9.
• Delaying matter-radiation equality [21–25] - As Neff
increases, the fractional density of radiation in-
creases, therefore the matter to radiation equality oc-
curs later. The amount of early ISW effect changes
if the matter-radiation equality epoch changes. The
earlier of matter-to-radiation epoch is, the more
ISW effect that CMB photons receive [24, 25]. The
effect can be measured through the ratio between
the heights of the third and first acoustic peak of
CTT` , leading to the extraction of zeq directly via
CMB power spectrum [25]. By using the relation
of the present-day neutrino temperature and CMB
temperature as Tν = (4/11)
1/3
Tγ , one can derive
the equality epoch as [24, 25]
1 + zeq =
Ωmh
2
Ωγh2
1
1 + 0.2271Neff
, (2)
where the radiation energy density Ωγh
2 = 2.47×
10−5, and the present-day CMB temperature is Tγ =
2.725 K. As one can see from Eq. (2), Ωmh
2 and
Neff are linearly correlated with each other with the
width of degeneracy dependent on the uncertainty
of zeq. The anisotropic stress of relativistic degree
of freedom can break the degeneracy, by imprinting
distinct features on the CMB sky, independent of
Ωmh
2.
• Adding anisotropic stress - Acoustic stress of the rel-
ativistic particle adds to the gravitational potential
as an additional source of energy via Einstein’s equa-
tion [25]. In comparison, those relativistic particles
which do not stream freely, but interact with mat-
ter frequently, do not have significantly anisotropic
stress, because they isotropize themselves via in-
teracting with matter. Therefore, the anisotropic
stress of photons before decoupling time is very
small. However, neutrino and graviton decoupled
from hot plasma very early on, so the anisotropic
stress is significant at the decoupling epoch. This
effect is uncorrelated with Ωmh
2, therefore, it can
break the degeneracy.
• Changing the sound horizon - In the standard cos-
mology model, free-streaming neutrinos travel super-
sonically through the photon-baryon plasma since
their decoupling (T ∼ 1 MeV), so they gravita-
tionally pull the wavefronts of the plasma oscil-
lation slightly ahead of the time than the case when
neutrinos are absent [26–30]. Therefore, the free-
streaming neutrino changes the phase of the CMB
acoustic oscillation by shifting the power spectra
towards larger angular scales (smaller `), while also
suppressing the damping tail. Similar to neutrinos,
any relativistic degree of freedom also has a simi-
lar effect of altering the scale of the sound horizon,
therefore cause the distinctive shift in the CMB
power spectra [26–30].
In Fig. 1, we plot the comparison of CMB temperature
power spectrum CTT` by varying the values of Neff while
fixing other cosmological parameters. One can clearly see
the distinctive change of the power spectrum due to the
combination of all three effects above. To see each effect,
one needs to fix the sound horizon, or fix the zeq and
vary Neff . We refer to the interested readers to Fig. 1 in
Ref. [29], Fig. 1 in Ref. [30], Fig. 2 in Ref. [27], and Fig. 1
in Ref. [26].
High precision CMB observations such as space-based
Wilkinson Microwave Anisotropy Probe (WMAP) [31] and
Planck satellite [10, 32], ground-based Atacama Cosmol-
ogy Telescope (ACT) [33, 34], South Pole Telescope (SPT)
[35, 36], BICEP2-KECK Array [11, 12] and balloon-based
(SPIDER) [37–39] experiments have the potentiality to
give rigorous constraints on the neutrino background.
Therefore, these experiments should also be able to place
strong constraints on extra relativistic degree of freedom
caused by blue tilted tensor power spectrum. In this
paper we firstly explore to constrain the effective rela-
tivistic species using current CMB data from Planck, and
the BICEP2/KECK array, characterising this case as the
standard “CMB with ∆Neff relation” case.
Besides the effect in the CMB, relative abundances of
primordial light elements such as hydrogen (H), deuterium
(D), helium-3 (3He), helium-4 (4He) and small amounts of
lithium-7 (7Li) created during the BBN, are also strongly
affected by the GW background. Significant gravitational
radiation during primordial nucleosynthesis affects the
total energy density of the universe, resulting in altering
the expansion rate of the universe. Thus the relative
abundances of the light elements thus would vary from
the predictions from standard BBN if the GW background
is modified. This is an indirect constraint on the energy
3density of the GW background [4].
Constraints of Neff from CMB measurements are mostly
derived from measurements of the damping tail [8, 40,
41]. An increase in the radiation density of the early
universe reduces the mean free path of fluctuations in the
photon baryon fluid and increases the damping of small-
scale fluctuations. Changes to the helium and deuterium
fraction (Yp and D/H) induces a variation in the free
electron fraction which in turn alters the mean free path
of the photons and affects the damping tail [42]. We
use the D/H measurements from [43, 44] complemented
with Planck and BICEP2/KECK likelihoods to study the
constraints on the Neff and consequently the effect on the
r − nt joint distribution, characterising this case as the
standard “CMB + D/H with ∆Neff relation” case.
The paper is organized in the following way. Section II
discusses the relation between the primordial GW energy
density and the effective degree of freedom of relativistic
species. Then we discuss how does this ∆Neff impacts on
helium production. Section III introduces the datasets we
use for our analysis, i.e. CMB data from the Planck satel-
lite and the BICEP2/KECK array 2018 release. We also
use deuterium abundance data from DLAs which serve
as an independent measurement of the Neff . Section IV
presents the results of our Markov-Chain Monte-Carlo
runs and their implication. The conclusion and future
goals are presented in Section V. Throughout the paper,
we adopt a spatially-flat ΛCDM cosmology model with
adiabatic initial conditions.
II. RELATIVISTIC DEGREES OF FREEDOM
Stochastic GW background searches venture to measure
the fractional energy density of GWs as a function of
frequency. We define the logarithmic GW contribution
to the critical density as [45, 46]
ΩGW(k) ≡ 1
ρc
dρGW
d ln k
, (3)
where ρGW is the frequency (wave-number k) dependent
effective energy density, and ρc = 3c
2H20/8piG is the
critical density of the Universe at present, with H0 ≡
100h km s−1 Mpc−1 is the current Hubble parameter. The
GW energy density can be related to hk, which is the
Fourier transform of the metric perturbation as
ΩGWh
2 =
c2k2h2
6H20
〈|h2k|〉 ≡ AGWPt(k), (4)
where AGW = 2.74×10−6g−1/3100 , where g100 ≡ g∗(Tk)/100
is the degree of freedom at the time when GWs stretched
out of the Hubble radius. If counting only standard-model
particles, g∗(Tk) = 106.75 so g100 = 1.06 [47].
In the early Universe before BBN, graviton behaves like
relativistic particles whose density ∼ a−4. Thus if there
were too many gravitons before BBN, it would enhance
the total energy density of the Universe substantially,
therefore, making the Universe expand too fast. Firstly,
we need to calculate what was the GW density back to
the time of BBN.
A. Energy densities
The energy densities for neutrinos, gravitons and pho-
tons are given as
ρν =
7
8
pi2
15
NνT
4
ν
ρG =
7
8
pi2
15
∆NeffT
4
ν
ργ =
pi2
15
T 4γ , (5)
in which we assume the graviton spin is 2. The neutrino
temperature is related to the CMB temperature as Tν =
(4/11)1/3Tγ , where we take Tγ = 2.726 K. Back to BBN
time
ρc(tn) = ργ(tn) + ρν(tn), (6)
ρc(tn)
ργ(tn)
=
Nν
7
8
(
4
11
)4/3
+ 1
1
' 1.692. (7)
We integrate Eq. (4) over all possible scales and use
Eq. (5) to calculate the increment of the effective number
of relativistic species back to BBN time
∆Neff =
8
7
(
11
4
)4/3
AGW
h2
ρc(tn)
ργ(tn)
ln kmax∫
ln kmin
d ln k Pt(k)
= 1.781× 105AGW
ln kmax∫
ln kmin
d ln k Pt(k) . (8)
B. The integral
To evaluate the integral in Eq. (8), we need to figure
out the upper and lower limits of the wave-number k. We
set kmin as the particle horizon of the Universe at BBN
time, so kmin ' kHBBN . kmax corresponds to the minimal
scales of the perturbation, which entered into the Hubble
radius right after inflation, so assume kmax = e
60kH0 .
kH0 =
2pi(
c
H0
) = 2piH0
c
= 0.0015 Mpc−1, (9)
if we assume H0 = 70 km s
−1 Mpc−1.
4kmin =
2pi(
c
HBBNaBBN
) = 2piHBBNaBBN
c
. (10)
H2BBN =
8piG
3
(ργ + ρν)
=
8piG
3
ργ(1 + 0.2271Neff)
' 8piG
3
× 1.69× ργ (11)
where for the second line we use Eq. (5). Since
ργ
ρcr
=
2.47× 10−5
h2a4
, (12)
we have
HBBN = H0 ×
[
6.46× 10−3
ha2
]
. (13)
Therefore, we have
kmin = 2pi
(
HBBNaBBNc
c
)
=
(
2pi
H0
c
)(
6.46× 10−3
haBBN
)
, (14)
where aBBN = T0/TBBN ' 2.275K/1MeV = 1.96× 10−10
and h = 0.7. Thus
kmin = 4.7× 107
(
2pi
H0
c
)
= 6.9× 104 Mpc−1 . (15)
Now let us focus on calculating the integral
I1(nt, αt) =
∫
d ln k
(
k
k0
)nt+(1/2)αt ln(k/k0)
, (16)
which is found to be
I1(nt, αt) = e
−(nt/αt)2/2
(
pi
−2αt
)1/2
×
[
Erf
(√
−αt
2
(
ln
(
kmax
k0
)
+
nt
αt
))
− Erf
(√
−αt
2
(
ln
(
kmin
k0
)
+
nt
αt
))]
, (17)
where “Erf” represents for Error Function.
We consider αt = 0, given that the current CMB data
does not point to any strong evidence of the running of
the tensor tilt. Combining the above equations, we find
∆Neff(r, nt) = 1.781× 105AGWAs(k0)rI1(nt) , (18)
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FIG. 2: The increment of effective number of relativistic species
given the value of nt. The three curves show the assumed
value of αt. The horizontal dashed line shows the current 1σ
limit of ∆Neff [10].
where
I1(nt) =
1
nt
[(
kmax
k0
)nt
−
(
kmin
k0
)nt]
, if nt 6= 0
= ln
(
kmax
kmin
)
, if nt = 0. (19)
Here
kmax = e
60kH0 ' 1.67× 1023 Mpc−1,
kmin = 6.9× 104 Mpc−1, (20)
and we take the pivot scale as k0 = 0.01 Mpc
−1 to be
consistent with Planck [10]. Figure 2 illustrates the re-
lation of ∆Neff as a function of nt for different values
of r and αt. We plot the current 95% confidence level
(C.L.) upper limit of r as r < 0.1 from the constraints of
Planck TT+TE+EE+lowE+lensing [10], and the cosmic
variance limit of r as r = 10−3 [48]. The horizontal black
dashed line shows the ∆Neff < 0.17 as the 68% C.L. upper
limit [10]. One can see that, even if the value of r is small,
the blue tilted nt can lead to large increment of ∆Neff ,
resulted in the observable effect in the CMB and light
element abundance.
C. Helium abundance
Given a set of cosmological parameters, the primordial
abundance of light elements is fully computable from
the standard model of particle physics [50]. The precise
determination of cosmological parameters from Planck
satellite leads to accurate prediction of the light element
abundance, such as 4He from low metallicity HII regions
in low-redshift star-forming galaxies [49, 51], primordial
abundance of deuterium (D/H) using quasar absorption
lines like the DLAs [43, 44, 52], and 7Li/H ratio in metal-
poor stars in the Milky Way halo [53]. The standard BBN
populations of relativistic particles, including photons,
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FIG. 3: The abundance of helium (Yp) as a function of nt. The
blue and orange lines are for r = 10−3 and r = 0.1 respectively.
The horizontal grey band is the currently measurement Yp
(Eq. (21)) from [49].
electrons, positrons, and three species of neutrinos mix
as a hot plasma with the same temperature. At a given
temperature, the resulting cosmic expansion rate is 2.3
times that of photon alone. The weak freeze-out starts
at this time, settling down the neutron-to-proton ratio
which eventually determines the helium abundance Yp.
Additional relativistic degree of freedom can enhance
the expansion rate by a factor of 8%1, which forces the
neutrino freeze-out to occur at a higher temperature. This,
in turn, implies more neutrons, triggering more 4He.
By modifying the publicly available PArthENoPE 2.0
code2, we implement the ∆Neff(r, nt) relation into the
code and output the helium abundance as a function of
nt by fixing the r value. In Fig. 3, we plot the helium
abundance as a function of nt for the cases of r = 10
−3
and r = 0.1. The ∆Neff values are marked in the upper
boundary of the horizontal axis. One can see that as
nt goes from negative value to slightly positive value,
the ∆Neff increases dramatically, leading to a higher
temperature of neutrino freeze-out. This will lead to more
helium production. However, there is a downward branch
of Yp when nt & 0.5. This is because, if the nt becomes
very positive, the Neff value becomes exponentially large,
then the Hubble expansion at the early Universe becomes
too fast to allow nucleons to interact and form helium.
The Universe would then become cooling down too soon
for the nucleus to synthesize into helium. Therefore,
for nt & 0.5, i.e. ∆Neff & 103, the helium production
becomes much lower than standard model.
The current measurement on helium abundance from
1 The same value of enhanced expansion rate due to an additional
neutrino species quoted in sec. 2.B. in Ref. [42] is 40.3%, which
we believe to be an error.
2 http://parthenope.na.infn.it
observations of the helium and hydrogen emission line
from metal-poor extragalactic HII region, combined with
estimated metallicity, give the primordial helium abun-
dance as [49]
Yp = 0.2449± 0.0040 , (21)
which is shown as the horizontal grey band in Fig. 3.
Large systematic uncertainties and degeneracies among
the input parameters needed to model emission line fluxes
limit the measurements predominantly. Along with this
large error-bar predicament, this also results in a 2σ
deviation from the standard ΛCDM prediction [49, 51,
54]. More recently, the determination of Yp from the
measurement of the absorption feature of the intergalactic
gas cloud against the light of a background quasar was
made [44], though the measurement error is still quite
large. Due to these reasons, in the next section, we will
only use the measurement of deuterium abundance to
constrain ∆Neff relation.
III. DATA
A. Deuterium abundance
The deuterium abundance is also closely related to the
number of relativistic species that existed during BBN.
The abundance of deuterium is determined by the d+ d
and d + p reactions towards the end of BBN when the
photon temperature drops below the rest mass of the
electron. Therefore, essentially there is no electron and
positron at this time, and they have been annihilated to
heat the photon. The expansion rate at this time is ∼ 1.7
times of the photon alone, and an additional Neff will
cause the speed up of cosmic expansion. This will lead to
less time for deuterium burning and therefore end up in
higher D/H [42].
The deuterium abundance is now more precisely mea-
sured by a significant factor compared to measurements of
Yp, through the analysis of the most metal-poor damped
Lyα (DLA) systems, which also displays the Lyman series
absorption lines of neutral deuterium [43, 44, 52]. The
primordial abundance of deuterium, on the other hand,
has a monotonic response to Ωb,0h
2, and accurate mea-
surements of the primordial D/H ratio complemented by
measure of Ωb,0h
2 from the CMB, can provide a much
more sensitive constraint upon allowed values of Neff
[42, 52].
We use the D/H measurements from [44] complemented
with Planck and BICEP2/KECK likelihoods to study the
constraints on the Neff and consequently the effect on the
r − nt joint distribution. The most recent measurement
of cosmic deuterium abundance [44] is derived from six
damped Lyman alpha system and is given as
105(D/H)P = 2.527± 0.030. (22)
6We use the above measurements from [44] as a primordial
element abundance dataset and likelihood in CosmoMC.
We also use the updated theory table with reduced errors
from [55] using the publicly available PArthENoPe 2.0
code [56], for computing the abundances of light elements
produced during BBN as a function of baryon density
and number of radiation degrees of freedom.
The relation between deuterium abundance and ∆Neff
is (eqs. (8)–(10) in [43])
ηD = 6
[
105(D/H)P
2.47
]−1/1.68
, (23)
and
∆Neff =
43
7
[(
1 +
η10 − ηD
1.08(1.1η10 − 1)
)2
− 1
]
, (24)
where
η10 = (273.78± 0.18)× Ωbh2. (25)
In Fig. 4, we plot the relation between ∆Neff and the
deuterium abundance y ≡ 105(D/H)p by using Eqs. (23)–
(25). We allow the Ωbh
2 (Ωbh
2 = 0.02236 ± 0.00015
according Planck TT+TE+EE [10]) and the front factor
in Eq. (25) to vary within 1σ C.L., shown as the width
of the black band. One can see that the larger the ∆Neff
is, the larger the prediction of the deuterium prediction.
The reason is as follows. The deuterium abundance is
determined by the d(d, n)3He and d(p, γ)3He processes
that burn the deuterium, at the end of BBN. At this
time, the photon temperature is around T ∼ 0.02 MeV,
which is well below the electron rest mass. Therefore,
electron-positron annihilated and increased the photon
temperature, leading to the gap between neutrino tem-
perature and photon temperature Tν = (4/11)
1/3Tγ . The
expansion rate at this time in standard BBN is 1.3 times
that of photons alone, and an additional neutrino species
at the same temperature as the others cause a 7% speed-
up. Faster expansion rate means the less time to burn
deuterium, leading to higher value of D/H 3. The hor-
izontal red lines are the ±1σ measurement as Eq. (22).
From Fig. 4, one can see that ∆Neff ∼ 0.3 is preferred
by the comparison between theory and the measurement.
The D/H dataset described above is incorporated in Cos-
moMC through a supplementary likelihood and dataset
with mean and error given as in Eq. (22) and a the-
ory table with D/H abundances as a function of Ωbh
2
as given in PArthENoPE 880.2 marcucci.dat dataset in
CosmoMC. We use this D/H dataset along with CMB
3 In sec. 2.B. in Ref. [42] it is written that at the end of BBN,
the expansion rate in standard BBN model is 1.7 times that of
photons alone, and an additional neutrino species causes 36.7%
speed-up, which we believe the numbers are wrong.
FIG. 4: The relationship between deuterium prediction and
∆Neff .
datasets from Planck and BICEP2/KECK.
B. CMB data from Planck and BICEP2/KECK
We use the standard cosmological Markov chain Monte
Carlo (MCMC) package CosmoMC [57] along with the
Planck 2015 likelihood [9] for our analysis. We use Planck
high-`, Plik TTTEEE, nuisance-marginalized likelihood
in the range `=30-2508 for TT and `=30-1996 for TE and
EE, and the low-` TEB (TT, EE, BB and TE) likelihood
in the range `=2-29.
The BICEP2/KECK array (BK) currently operating at
95, 150 and 220 GHz, has the tightest upper limits to the
tensor-to-scalar ratio r. For our initial analysis we were
using BK 2015 data [11] but with the release of BK 2018
dataset [12] we completed our analysis using the latest
dataset. We elaborate in Section IV the potential tension
between the BK 2015 and BK 2018 data in constraining
the tensor parameters r and nt, also illustrated in Fig. 5.
For the BK 2018 data, the BB band-powers are split into
nine multipole bins from `=37-332 and contains a total
of 12 auto and 66 cross spectra between BK 2018 maps
at 95, 150, and 220 GHz, WMAP maps at 23 (K-band)
and 33 GHz (Ka-band), and Planck maps at 30, 44, 70,
100, 143, 217, and 353 GHz [11, 12]. We use the above
joint analysis BK 2018 and Planck 2015 (henceforth BKP)
data and likelihood provided with CosmoMC.
We allow the six standard cosmological parameters
(Ωbh
2, Ωch
2, 100θ∗, τ , ln(1010As), ns) to vary in our
likelihood chain. We also release the tensor-to-scalar ratio
r, the tilt of the tensor power spectrum nt and effective
number of relativistic species Neff to vary in the likelihood,
so essentially we have 9 free parameters in total.
The default results are with only the Planck and the
BKP CMB dataset mentioned above. We also combined
the D/H data from Lyα forest to tighten up constraint
on Neff . We modified CAMB/CosmoMC to introduce
the effect of additional relativistic species ∆Neff to the
GW background as discussed in Eq. (18), and then switch
7on-and-off this relation to test the additional constraints
on the tensor power spectrum. Therefore, we have four
different data sets, Planck, Planck+[D/H], BKP and
BKP+[D/H]; and two models to fit, one is the 9 cosmo-
logical parameter model without ∆Neff relation (Eq. (18))
and the other is with this relation.
IV. RESULTS OF CONSTRAINTS
FIG. 5: The 2σ contour plot of the tensor to scalar ratio
r0.01 at k = 0.01 Mpc
−1 and the tensor tilt nt for Planck +
BICEP2+KECK datasets, where the red and blue contours
represent BICEP2/Keck 2015 and BICEP2/Keck 2018 dataset
respectively.
We follow the Planck 2015 analysis on constraints
of inflation [58], relax the inflationary consistency re-
lation and use the (r0.01, nt) parametrization, where
r0.01 is the tensor-to-scalar ratio at decorrelation scale
k0 = 0.01 Mpc
−1 for the BKP joint constraints. We
summarize our joint constraints from CosmoMC runs in
Figs. 5 and 6, and show the marginalized one-dimensional
posteriori distribution in Fig. 7. We present the quantita-
tive values in Table I. To compare the prediction of the
single-field slow-roll inflation model (r = −8nt) with the
current constraints, we plot this “consistency relation line”
as black dashed line in the (r0.01, nt) parameter space in
the left and middle panels of Figs. 5 and 6.
A. Planck CMB only
We first use the CMB data only from Planck
TT+TE+EE datasets without using the ∆Neff relation
(Eq. (18)), and show our results in the yellow contours in
the left panel of Fig. 6 and yellow lines in the upper row
of Fig. 74. One can see that, even without the B-mode
polarization data, the Planck temperature and E-mode
polarization data is already able to put constraints on
r0.01 as r0.01 < 0.60 at 3σ C.L. This is because primordial
tensor mode can also source the temperature anisotropy
before it enters into the horizon, so for ` < `R (`R is
the multipole (inverse angular size) of the horizon size at
recombination), there is a non-negligible contribution to
the temperature anisotropy at large angular scales [59].
Therefore, cosmic-variance limited measurement of CTT` ,
CTE` and C
EE
` place constraints on the amplitude of pri-
mordial tensor mode.
The red contour in left panel of Fig. 6 and red line in
upper row of Fig. 7 use the ∆Neff relation (Eq. (18)) in the
CosmoMC code for Planck data only case. One can see
that with this relation, the parameters of (r0.01, nt) are
tighten up immediately, due to the fact that larger value
of resultant Neff can shift the CMB power spectrum (both
amplitude and phase) to large extent (see also Fig. 1).
As shown in Table I, r0.01 and nt are tightened to be
r0.01 < 0.155 (3σ C.L.) and nt = −0.64 ± 0.74. This is
a much tighter constraint that the case without ∆Neff
relation (Eq. (18)).
B. BICEP2 & KECK Array data 2015 and 2018
The additional data from the BICEP2/KECK (BK)
array which currently has the tightest upper limits on the
B-mode power spectrum, would unequivocally improve
our constraints on the above tensor parameters. As dis-
cussed in Section III B, with the release of both BK 2015
and 2018 data, we evaluated our MCMC runs for both
BK releases, and show our results in Figs. 5 and 6. One
can see from Fig. 5 that, with BK 2015+Planck 2015
dataset the r0.01 parameter is constrained at r < 0.12
(2σ C.L.), while nt is constrained to be center at zero
but have almost equal probability at negative (red) and
positive (blue) sides. However, with BK 2018 + Planck
2015 (BKP) dataset, the constraint on nt clearly prefers
a blue-tilted tensor power spectrum at ∼ 2σ C.L., as
shown in the blue contours in Fig. 5 and yellow line in
the middle panel of lower row in Fig. 7. This has 2σ
C.L. tension with the consistency relation of single-field
slow-roll inflation model.
In addition to the tilt, the r value is suppressed to be at
r < 0.07 at 2σ C.L. (Table I). This is distinctly evident by
the compressed two-dimensional contours for the tensor
parameters by adding the BK data to the Planck dataset,
as seen by comparing the scales of the left and middle
panels of Fig. 6 (yellow contours).
But with the inclusion of ∆Neff relation (Eq. (18)), the
BKP constraint on (r0.01, nt) is re-centered at nt ' 0 with
4 As a matter of consistency check, the yellow contours on the left
panel of Fig. 6 with Planck data only matches fig. 59 in [58].
8FIG. 6: 2σ contour plots for the various datasets and cases. The left and the middle plot shows the joint constraint of the
tensor to scalar ratio r0.01 and the tensor tilt nt for Planck dataset and BICEP2+KECK+Planck (BKP) dataset respectively.
The right panel shows the joint constraint for Neff and Ωbh
2 for BKP dataset. (The results for Planck only dataset is not shown
for redundancy.) For all plots, the four contours are for the joint constraint for the default case with CMB data only (yellow),
CMB+[D/H] data (green), CMB data with ∆Neff constraint (red) and CMB+[D/H] data with ∆Neff constraint (blue).
FIG. 7: The 1-dimensional posterior distributions for the tensor to scalar ratio r0.01, the tensor tilt nt and the effective number
of neutrino species Neff for Top: Planck dataset and Bottom: Planck + BICEP2 + KECK dataset. The plots show the
distributions for the default case (yellow curve), adding [D/H] data without ∆Neff constraint (green curve), adding ∆Neff
constraint (red curve), and adding [D/H] data with ∆Neff constraint (blue curve).
9Parameters ∆Neff relation Planck Planck+[D/H] BKP BKP+[D/H]
Ωbh
2 No 0.0222± 0.0002 0.0223± 0.0002 0.0222± 0.0002 0.0222± 0.0002
Yes 0.0222± 0.0002 0.0222± 0.0002 0.0222± 0.0002 0.0222± 0.0002
As No 3.09± 0.04 3.10± 0.04 3.09± 0.04 3.10± 0.04
Yes 3.09± 0.04 3.09± 0.04 3.10± 0.04 3.10± 0.04
r0.01 No < 0.598 < 0.492 < 0.070 < 0.069
Yes < 0.155 < 0.156 < 0.073 < 0.073
nt No 0.68± 1.22 0.66± 1.20 2.00± 0.72 1.97± 0.74
Yes −0.64± 0.74 −0.64± 0.74 0.01± 0.31 −0.01± 0.31
Neff No 3.026± 0.209 3.132± 0.172 2.985± 0.204 3.103± 0.171
Yes 3.005± 0.207 3.118± 0.172 3.000± 0.219 3.122± 0.171
− logL No 5527 5528 5895 5896
Yes 5529 5529 5897 5897
TABLE I: Marginalized values of cosmological parameters, effective neutrinos and logL values using various combinations of
Planck, Planck + BICEP2 + KECK (BKP) and deuterium datasets, with and without adding the ∆Neff equation. The values
quoted for r0.01 is the 3σ upper limit value for the tensor-to-scalar ratio at the pivot scale of k0 = 0.01 Mpc
−1.
slightly favour over the red-tilt, shown as red contours in
the middle panel of Fig. 6 and red line in the middle panel
of Fig. 7. The r and nt are constrained to be r0.01 < 0.073
(3σ C.L.) and nt = 0.01± 0.31 (1σ C.L.) for BKP data
set.
C. Deuterium abundance data
We further include the deuterium abundance measure-
ment [44] (Eq. (22)) to tighten up the constraints. Deu-
terium abundance is sensitive to the baryon density Ωbh
2
and Neff , which can affect the constraints on r and nt
since these parameters are correlated. We first include
[D/H] measurement for Planck data only case in the left
panel of Fig. 6 and upper row of Fig. 7. The addition of
[D/H] data does not improve the constraints too much.
But the effect of [D/H] data kicks in when we uses
the BKP data sets with the inclusion of ∆Neff relation
(Eq. (18)), as shown in the middle panel of Fig. 6 and
lower row of Fig. 7. Comparing the red and blue contours
in the middle panel of Fig. 6, the upper limit of r is further
tightened up with the additional [D/H] data set. The
tightest constraints on r and nt become r0.01 < 0.073 (3σ
C.L.) and nt = −0.01± 0.31 (1σ C.L.) respectively. We
also plot, as the black dashed line, the inflation consistency
relation in the middle panel of Fig. 6. One can see that the
current BKP+[D/H] data with ∆Neff relation contains
this line as its center, indicating that the current data
is still consistent with the single-field slow-roll inflation
scenario but not excluding other scenarios.
Besides the (r, nt) constraints, the addition of the [D/H]
dataset can also tighten up Neff − Ωbh2 joint constraints,
as seen in the right panel of Fig. 6. [D/H] data provides
much tighter constraints to Neff rather than CMB data
alone. From Table I, we see the positive value of ∆Neff
from the CosmoMC runs fall well within the theoreti-
cal values as seen in Fig. 4. The tightest constraint of
Neff is Neff = 3.122± 0.177 for the current BKP+[D/H]
data with ∆Neff relation, excluding the fourth species of
neutrino/relativistic particle at more than 5σ C.L.
The other cosmological parameters, such as Ωch
2,
100θMC, As, ns and τ are not affected strongly by in-
cluding the ∆Neff relation, so we do not present the
results of these parameters here though we release them
in the likelihood chain. We refer the interested readers
to the references [9, 11, 12], which are equivalent to our
constraints.
V. CONCLUSIONS AND FUTURE PROSPECTS
In this work, we proposed a new relation between the
amplitude (r) and the tilt (nt) of the primordial ten-
sor power spectrum with the additional effective number
of relativistic degree of freedom (∆Neff). The physics
is that the bluer the tilt is, more degree of freedom
of stochastic primordial wave background will act like
additional neutrino species, boosting the value of Neff
(Neff = Nν + ∆Neff , where Nν = 3.046). This results
in more production of the primordial deuterium and en-
hances the CMB damping tail in the temperature power
spectrum. With the combination of the CMB polariza-
tion power spectrum, one can place tight and reliable
constraints on r and nt.
In this work, we used the Planck 2015 likelihood chain,
combined with BICEP2/KECK (BK) array 2018 release
and [D/H] measurement from Damped Lyman-Alpha
(DLA) forest system to place constraints on r, nt and Neff .
We first show the results of Planck only constraints, and
then add BK results of 2015 and 2018, and finally add
[D/H] measurement, for both the case with and without
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∆Neff relation (Eq. (18)). One can see that, even with-
out BK result, the inclusion of ∆Neff relation (Eq. (18))
significant improves the constraints of (r, nt). With ad-
ditional BK data, the constraints on r0.01 and nt are
further tightened up. With additional [D/H] data, the
tightest constraints can be achieved as r < 0.073 (3σ
C.L.) and nt = −0.01 ± 0.31 (1σ C.L.). This already
places stringent constraints on inflation model, as it still
favours the single-field slow-roll inflation model. The
tightest constraints of Neff is Neff = 3.122 ± 0.171 for
BKP2018+[D/H] data, excluding the fourth species of
neutrino at high significance.
In the future, the combination of direct and indirect
measurements from future experiments will put stronger
constraints on the stochastic GWs at different frequen-
cies. Future CMB experiments (Simons Observatory [60]
and COrE [61]) will improve the measurement of polar-
isation of CMB and push further down the limit on r
and nt, or instead of measuring them. With the ∆Neff
relation proposed in this work, measurement of the pri-
mordial helium and deuterium abundance will provide
stringent constraints on the tensor parameters, indirectly
shedding light on to the stochastic GW background. At
higher frequency part of the spectrum, direct measure-
ments from GW experiments on a large range of frequen-
cies [62], including the ground-based Laser Interferometer
Gravitational-Wave Observatory (LIGO) [19] and space-
based interferometers like the Laser Interferometer Space
Antenna (LISA) [63] will also put constraints on stochastic
GW background. The combination of these experiments
will result in stringent tests of gravitational radiation and
early universe physics.
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